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Abstract

A procedure for the determination of covariances for model calculations of cross section data is
presented. The method can accout for the three main contributions to uncertainties, i.e. the numerical
implementation errors, the uncertainty in the model parameters, and most importantly the failure of
the model. To demonstrate its applicability, the method is used for a schematic evaluation based on
microscopic optical model calculations of n-56Fe total, non-elastic and elastic cross sections in the energy
range between 20 and 60 MeV.

1 Introduction

Nuclear data libraries have been estabilished to satisfy the needs of nuclear technology, dosimetry,
medical applications and several related fields. They are internationally accessible and are focused
mainly on neutron-induced reaction cross sections up to 20 MeV. At present there is a significant
effort to extend the energy range of the libraries to 200 MeV in order to comply with recent
developments in fusion and trasmutation research. This extension is not trivial because of the
increasing number of open channels. In addition, the scarcity of experimental data at intermediate
energies requires to rely extensively on model calculations.

From the user community there exists a longstanding quest to include covariance data in the
evaluated data files in order to allow for reliable estimates of uncertainties which are needed for
the optimisation of the design of new facilities. Despite the strong requests, the availability of
evaluated nuclear data files including covariance information is limited to few isotopes. Important
developments have been made by the Vienna group who included covariances based on experimental
data in the unresolved resonance region up to 20 MeV in evaluated data files for several important
materials, i.e. Be1) , Cr2) , Fe3) and recently Ni and Si4). Equivalent considerations have also been
performed by other groups, e.g. the development of the KALMAN code system5) triggered by the
Japanese Nuclear Data Comitee and applied to several isotopes. Covariance information can also be
found for the resonance region6). To provide reliable covariance information in the extended energy
range up to 200 MeV is still an open question because of the extensive use of nuclear models. The
main problem is not only the wide range of applied models (phenomenological to quasi ab-initio
calculations), but also the fact that the failures are of non-statistical nature and cannot be defined
within the theory.

In this contribution we propose a method for the determination of covariances for angle integrated
cross sections from model calculations. In Sec. 2 we present the general concept with emphasis on a
reliable estimate of the model errors. The applicability of the method is demonstrated in Sec. 3 for
optical model calculations. Conclusions on the predictive power and an outlook are given in Sec. 4.

2 The Covariance Matrix

The determination of the covariance matrix requires a precise knowledge of the experimental
setup and the method of analysis in order to disentangle all correlated and uncorrelated sources of



uncertainties. Knowing the proper covariance matrix for each experiment it is straighforward to
set up an evaluated data file including the covariance matrix by means of Bayesian statistics. This
procedure has been followed e.g. by the Vienna group1,2,3,4) . The situation becomes much more
complicated in the absence or scarcity of experimental data which implies extensive modelling for
the generation of an evaluated data file.

The estimation of uncertainties of a model calculation is a difficult task and can be provided
only in part by statistical means. Nevertheless, one has to try to simulate the effects due to the
deficiencies of models via statistical expressions, i.e. covariance matrices, in order to treat calculated
and experimental data on the same level. In addition to these conceptual difficulties one also faces
the problem of consistency because a great variety of nuclear models of different sophistication are
usually applied by evaluators with the scope of the best description of the data. The methods include
purely phenomenological models with many adjustable parameters as well as microscopic ones which
depend only on few restricted quantities. The former usually provide excellent descriptions of
the available data, but their predictive power for experimentally non accessible regions is rather
questionable. More reliable extensions to experimentally non accessible isotopes or energy regions
can be expected from microscopic approaches, but their quality in reproducing available data is
usually worse. A proper estimate of the covariance matrix for model calculations must account for
these aspects.

In this contribution we restrict ourselves to covariance matrices M(mod) of angle integrated cross
sections (e.g. σtot, σel, σnon, etc.) with matrix elements M

(mod)
i,j = 〈∆σ

(mod)
i (Ei)∆σ

(mod)
j (Ej)〉, where

the subscript i denotes the observable σi at a given energy Ei of the incident particle. Thus M is
a quadratic N ×N matrix represented on a predefined grid (σi, Ei), i = 1, 2, . . . , N . The covariance
matrix associated with model calculations, M(mod), contains essentially three contributions: (i) the
matrix M(par) associated with the uncertainties of the model parameters, (ii) the matrix M(num)

related to the errors due to the numerical implementation and (iii) the contribution M(def) which
accounts for the failure of the model. Thus, the full covariance matrix associated with the model
calculation is given by

M(mod) = M(par) + M(num) + M(def) . (1)

Methods for the determination of the contributions M(par) and M(num) are well established.
The latter can usually be kept small by the use of appropriate algorithms and can be neglected in
most cases. Assuming that the model parameters are adjusted via a χ2 fit, the determination of
M(par) is straightforward as outlined in the standard literature (cf. e.g. Bevington7)).

The goal of the present work is a reliable estimate of M(def). Contrary to the contributions
discussed above, the estimate of this contribution is an open question and cannot be provided
within theory. The main problem is the fact that one has to rely on nuclear models of different
level of sophistications because a full microscopic description of nuclear reactions is out of reach.
These models describe only some facets of the nuclear system considered, while other aspects are
not under control. The extension to non accessible isotopes and higher energies requires the use
of microscopic models to gain in reliability of evaluations. Thus, proper estimates of M(def) are of
increasing importance.

In order to account for the deficiencies of (microscopic) models we propose to construct M(def)

on the basis of a mean model error δu, extracted from the reproduction of observables not included
in the evaluation. Restricting to the case of angle integrated cross sections, (δu)2 is defined by

(δu)2 =

∑Ka

k=1 wk(δuk)
2

∑Ka

k=1 wk

, (2)

where σ(exp) and σ(mod) are the experimental and the model cross sections, respectively. The relative



deviation at the experimental point k is given by,
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|σ

(mod)
k − σ

(exp)
k |

σ
(mod)
k

with the weight wk =

(

σ
(mod)
k

∆σ
(exp)
k

)2

. (3)

This procedure also allows the inclusion of differential cross section data via the definition of new
partly angle integrated observables,
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. (4)

Here, L(k) denotes the number of scattering angles θ` at which experimental data of the differential
cross section have been measured. The upper index (p) refers either to the experimental value (exp)
or the model value (mod).

The mean deviation δu allows a reasonable estimate of the variance of the model values

M
(def)
i,i = 〈∆σ

(mod)
i (Ei)∆σ

(mod)
i (Ei)〉 = (δu)2σ

(mod)
i (Ei)σ

(mod)
i (Ei) . (5)

To construct the covariance matrix we make the ansatz

M
(def)
i,j = (δu)2σ

(mod)
i (Ei) σ

(mod)
j (Ej) Ci,j for i, j = 1, 2, . . . , N , (6)

where the matrix C should satisfy the following reasonable conditions: (1) Ci,i = 1 because the
diagonal of M(def) is given by the variance; (2) for increasing energy difference ∆ = |Ei − Ej| the
matrix element |Ci,j| must decrease and (3) the rate of the decrease of |Ci,j| must depend on the
reproductive power of the model, i.e. for a perfect model it should take the values Ci,j = 1. In the
following we assume the matrix C to have the following matrix elements

Ci,j =

{

exp
[

−
(

δu
δu0

)

ln E>

E<

]

if i and j belong to the same observable

0 if i and j belong to different observables
, (7)

where E> = max{Ei, Ej} and E< = min{Ei, Ej}. The quantity δu0 can be considered as the mean
value of the relative deviation of the evaluated from the actual cross sections of a perfect model;
the choice δu0 = 0.01 is a reasonable assumption.

3 Example

We consider the evaluation of n-56Fe total, elastic and non-elastic cross sections using the mi-
croscopic nucleon-nucleus optical potential of Amos et al.8) as a priori information. This optical
potential has been successfully applied to several nucleon-nucleus systems8) and seems well suited for
nuclear data evaluation. The model has essentially only one parameter, i.e. the oscillator frequency,
which can be adjusted only slightly. Hence, the contribution M(par) can be neglected.

To estimate M(def), we consider the reproduction of proton-56Fe cross sections in the energy
range between 10 and 60 MeV9). Following Eqs. (2-5) we obtain δu = 0.097 from the comparison
with experimental proton-56Fe scattering data.

For the construction of the covariance matrix M(def) we first define the evaluation grid for
the representation of M(def). As relevant observables we chose the set (σtot(Ei), σnon(E)), while the
elastic cross section is a derived quantity. The grid in energy is fixed to the values (E = 15, 16, . . . , 65



MeV). Hence, the current indices i, j = 1, 2, . . . 104 of M(def) denote rows and columns associated
with σtot(E = 15 + i− 1) for i, j = 1, . . . , 52 and σnon(E = 15 + i− 53) for i, j = 53, . . . , 104. Thus,
the covariance matrix is composed of four sectors,

M(mod) =













(

〈∆σtot(Ei)∆σtot(Ej)〉
i, j = 1, . . . , 52

) (

〈∆σtot(Ei)∆σnon(Ej)〉
i = 1, . . . , 52 j = 53, . . . , 104

)

(

〈∆σnon(Ei)∆σtot(Ej)〉
i = 53, . . . , 104 j = 1, . . . , 52

) (

〈∆σnon(Ei)∆σnon(Ej)〉
i, j = 53, . . . , 104

)













. (8)

Following Eq. (7) we assume vanishing correlations between σnon(Ei) and σtot(Ej) leading to the
matrix elements 〈∆σtot(Ei)∆σnon(Ej)〉 = 0.

In Fig. 1 we show the variance of σtot obtained with the energy averaged δu = 0.097.
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Figure 1: The total cross section σtot and its uncertainty obtained with the microscopic optical model of Amos et
al.8) . The uncertainty is based on the mean error δu = 0.097 as extracted from the proton-nucleus scattering data.

In the following we use the model cross sections and the obtained M(mod) as starting point for the
generation of evaluated n-56Fe cross sections in the energy region between 10 and 60 MeV. In order
to take consistently into account all relevant experimental n-56Fe cross section data in the evaluation
we perform an Bayesian update procedure3,6). In this update procedure we include the evaluation
of 56Fe cross sections by Vonach et al.3) assuming an overlap between 15 and 20 MeV. In addition,
we enter the total cross section data of Abfalterer et al.10) and all older total and non-elastic cross
section data between 20 and 60 MeV11) available in the EXFOR-file. In the absence of detailed
covariance analyses we have assumed a systematic error of 10% for the neutron cross section data11)

except those of Abfalterer et al.10) for which we assumed 1%. The resulting evaluations for total
and non-elastic cross sections together with their error bands are shown in Fig. 2.

The results clearly indicate the high quality of the total cross sections of Abfalterer et al.10)

which determine the final errors. They are significantly smaller than those of the a priori estimates,
but the error band is still within the a priori bounds.

Although no experimental elastic scattering data have been included, the update procedure
yields a modified evaluation as compared to the a priori one. This is due to the correlation of σel

via the relationship σtot = σel + σnon . The corresponding covariance matrix for the elastic cross
section is given by

〈∆σel(E)∆σel(E
′)〉 =

104
∑

i,j=1

∂S(E)

∂σi

Mi,j

∂S(E ′)

∂σj

, (9)

where S(E) is an appropriately chosen interpolation of the elastic cross sections in terms of the total
and the non-elastic cross sections at the grid points σi, i = 1, . . . , 104. Although no experimental
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Figure 2: The evaluated total and non-elastic n-56Fe cross sections including the evaluation of Vonach et al.3) and
the data of10, 11).

elastic cross sections have been entered, the uncertainties are reduced as compared to the a priori

values (see Fig. 3).
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Figure 3: The evaluated elastic n-56Fe cross sections derived from the evaluation of n-56Fe total and non-elastic
scattering data shown in Fig. 2. For more detail see text.

4 Summary and Outlook

The question of the determination of the covariance matrix M(mod) associated with model cal-
culations has been revisited. It was pointed out that there are three contributions to the covariance
matrix; two of them are essential, i.e. (i) the contribution due to the uncertainty in the model
parameters and (ii) the contribution due to the failure of the model. The former can be obtained
from the χ2-fit usually performed to adjust the model parameters (see e.g. the KALMAN code
system5)). The effect of model failures has not been considered so far, but becomes essential for
evaluations satisfying the demand for more microscopic models to gain in predictive power. The
quality of evaluations up to 20 MeV is not affected by the lack of M(def) because the a priori

covariance matrix usually plays a minor role in evaluations of this energy region due to the great
amount of available data.

However, in the case of scarce data (intermediate energy region or not accessible isotopes) the
reliability of M(mod) is important for realistic estimates of uncertainties. As long as we deal with
phenomenological models which yield an almost perfect description of the data, the approximation
M(mod) ≈ M(par) will suffice. If more microscopic descriptions are used to extend the evaluation to



data which are experimentally not accessible, the uncertainties evaluated from M(par) only will be
most probably underestimated.

We suggested a procedure to determine the covariance matrix which accounts for the failure of
the model. We made a reasonable guess of M(def) which reflects the mean defect of the model as
obtained from other available experimental information and in addition satisfies basic features of the
correlations. A first application of the method using optical models for the evaluation of n-56Fe cross
sections shows the features of the obtained covariances and demonstrates its applicability for nuclear
data evaluation on the basis of a Bayesian update procedure. Although we restricted ourselves to
angle integrated cross sections, the concept can be easily transferred to other observables. Work in
this direction is in progress.
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